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���� ��!"� #$#%&' (#)*+�  

 (#,-. .,�/012$3

7'8*� 9*: <'= >�"?@
  

���� 456 #$#%&  

��� �� �!" #$% &'()*+ $, $-�." 5 /0+ �- �� �'-12" �" .3�"45- �'(. �  &'."678'2� ��96:! &'()*+  ;',
�.'7+ <��  "� =2',;"$-  �>? 1@%'2 $, �3 �)AB$� �" �CD.E  17+�6.3$� F"6-"<�� 1:2" �" ;�'7*- .  ':,

�G'D+ �3 $@H7I  ;" �3������  " #$%�&'% J$K 96K 6."3 12" �3 . ;626? L'7MH� �)N'% �:@%$O L�P:N
.�!"  

 R'! �31989  �3 ;3S7+T"$U =AV'!4
 &6WG  �"4-"4)%; �@X'WK'. ;"  =:A2$DV $CB �-5/22  $@(7@.':!

=+ �� Y6K �@K"ZO T"$U �- '- 6K &[ �>? )AB� �  "� �0+ 'V �)N'%;$>K $, �3  R'! �3 .3$� "67I1995 

�)AB 17+�3 ;3S7+  R':! �3 � 6K "67I \2�'I �3 =K�$% �D7@] ^2 �3 FP. &'(, �" '(.2001  ;3S7:+
.P(._ =+P! 6K �@%'2 `, �� "�P+ �3 &PW�E �'!$)5

 .�:!" 96:K �@:K"ZO a2':(. �- 3�"��', 9'5H."3  �"
=�'0U �)AB 12" ;�� =!�'% ;', �!" �'0K[ ','(. ! $, ��_ &[ , '2 96M, &$B �3 ', &'>M:N" �3 96:b

96K �@X'! 6."6
.  

 �G'D+ _(?$V �G'D+ 12"  �3 � �!" 96+[ $2� �3 &[ L'cdH+ �� �!" ;6W), ;"=.'H. =@.$@W2" ;" =+ =:I �3 �:�  e$@:!3 f:-'B 6:2[
:�!"  Hogendijk, Jan P., “Het mysterie van de Mekkawijzers van Isfahan”, Nieuwe Wiskrant, vol. 22, no. 2, 2002, pp. 4-11. http://www.jphogendijk.nl/publ/Mekkawijzers.pdf 

1 (6W),) �X$V�" 9'5H."3.2 samad.farrokhnahad@gmail.com 3 Hogendijk, J.P., “Middeleeuws Islamitische methoden voor de bepaling van de richting van Mekka”, Nieuwe

Wiskrant, vol. 12, no. 4, 1993, pp. 45-52.4 Sotheby 5 Sackler 
6 �)AB 12" _iMN ;�� '(. &[ �'� �$j ',  �!" 96K &'7- $2� =!�'% $kK �7- �! '- ', (6k- _iMN $2PcV �- 62$5W-) :- .l  

=@::*.'(![ � 17::+� =::Wk+ �3 �::� "$i::N 1::2" �3  

::j � #$::] $::- "� 9�'/@::! $::O";�"Z::5- $>::K RP  

�]'::! _iM::N '::- 6::)- #$::] =::W� $::O m-'::C+  
  

=)7. n$::+ &P::o 6::W� �� =-P::W? p::CB ;P::! $::I  

$:::qi@*+ �:::)AB �" 6:::)- 6:::kr- � �:::)AB �" ;P:::K  

$:A,� L33$:O sX':K f:t �]'! s7dHV ;P!  
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�)AB '(.; ;PMN E��3 &'>MN" �3 96K �@X'!- l.  

�-$D] ;"�"3 �"4-" 12" �iM:N $- <�Pi+ RPU �� �!" ;" �:dV ;" =+ 6:X$o &[ ;�� �:� :HD._ 
$� �" =Hd- �" =N'XE pCB ^2 �iMN ;�� .�!" 96K ^U 17+� �:.P(. �" =:02 .3�"3 �"$:B 47. '(.  ',

�'W� $- =2uPG '- �� 3�"3 `, =-'@%[ �]'! ^2E  �"4:-" ':- =j':AV�" �]':! 12" .�!" 96K �Mo �iMN
 '+ � 3�"6. =)N" 47.�X"3$I `7,"Pd. &[ �- $5237

.  

)N'%S-�)AB vH� �" \I �  R'! ;'(.1989  a!$I .6K p)? &[ �- ;�'7*- �?PV ;3S7+R�"  12"
 'b� �3 � w=x� pG'? �"4-" 12" �� 3P-F"6-"  yPG'V'� mAj .�!" 96K=AV'! T"$U »HD._  96:K ^U 17+�

 �" `>)+ &[ $- �'z[=-${ ;'I��" «�!"  �»" 1% � `)] e'A@B" �" =��6+ ;3'] $7{ �"4-" 12"I�� &"$:2" �3 '

7 @7- �! &Po E�'(K �KP.'I �3 �� =6  96+[�)AB �! $, ;�� Y�!" 96K ^U '(. �3  `, $523 _.P(. |u'(@U"�@K"3 =-'@%[ �]'!  �:� 6."
6k- .�!" 93'@%" ', - l.
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96b, &$B ;3S7+ «3P-�!" 98
.  R'! �31999 6:2P23 ;3S7:+ �}:W79

  ~':@�=k+':?10
  �3 3�P:+ �3

�)AB 2'(.�� = 96K vH� &'+� &[ 'V 3P-  }:W7� `]� �- .3$� $H@W+ FP:. 1:2"�:)AB '(.',  `:>. &$:B �3
 ;3S7+96K F"$@X" 3"6�- �3 �!" R'! �3 .2000 $�3 =G" ;3S7+11

 3"3 &'H.12
 $2PcV ��;�':! :HD._ 

iMN ;��_ �)AB  FP. �" '(./=*0] \I- =@(!13
  �3 �� �!"&P:@+ 2':7%"$�?= Y6:26? �"  R':!1968 

 ;3S7+�@X'WK �!" 96K14 "� $�. 12" $�3 .=+ J$C+ 6W� 62" ��E �)AB =+ '(. :*."$% �3 �:!" �@*."PV_ 
 `,6M, &$B6K'- �@%$O f0K &[ �" �  '?&[ �3 �� =.'7�'I��" �!PV =+ $M:! &"$:2" �- &'+�  �:- Y6:.3$�

 .6K'- 96K 93$- &'>MN"12" $- 9�S] ! $- "� 'I��" $7z�V]'@= �)AB �" =02 �- �� =-'@%[ (. ','96:K �%':8" 

=+ 47. �!" .623 &"PV  

 =-'23��HW+  �)AB 12"  L'78'2� �G'N" &P+"$7I �i- �3 ','(.=+S!" E��3  �7(,"3�"3 .�PA)2� �P:.15
 

S� \2�P+ �1216 �" 1V �3 Y&'X�P+  `)]12P. �� 6.��'- 12" $- Y&6(V  �3 =+S!"R'D@." �D7DU E6:W,3 

�!" 93P- 'I��" �- ;6W, � =.'.P2 L'78'2�17 `:]� �:- .�P:.  l':(V |':A2$DV a:."3:!6W,_  �3 &'.'():*+
96! �.'7+ ;', �HW+ =.'.P2 3�"3 .�� `7,3 &'H. '+ $O" �)AB '(.Y ."67:8'2� F"$@X"&' E��3  =+S:!" �:!"
=+  $�. &"PV3$� 3� "� �P.. =(. &'7.'.P2 �@*."PV �)AB 6."  '(.6WW� F"6-" "� o�"$ &'.[ &'+� �3 � =+S!" �PW,

�K"6. 3P?�  .  

 =@B� �"4-" ^2 v7NPV��3 f-'B  �3 1:+ �� 1:2" �" .6:W� �'� &[ '- 6."P@- <3PX 96W."PX �� �!"
$C!;', �)AB $2�  ^(� �- "� &'>MN" ;'(.�.P(. =K�P+[ ;', =+ �� VP Y3$:� `, $! � =�7B � =�� &"

S� �3 �e =+ �2$HV Y�%$O &'K�'� �- e�3 `W�Y RP+$% '- \�! :!6W, ;':,_  ;�$:�12P:.  &':H.
�)AB 12" �� 3"3 `,"PX .�!" m7B3 =8'2� �'iG �- '(.  

&'2'I 12" �- �!'I �G'D+ ad-  a!$I �� 3P- 6,"PX» 96:+[ ':b� �" �"4-" 12"��:!"« $:- Y�:!'I �3 .

8 �" �@%$O$-:Mackenzie, Dana, “A Sine on the Road to Mecca”, American Scientist, vol. 89, no. 3, 2001,  http://www.americanscientist.org/issues/pub/a-sine-on-the-road-to-mecca. 9 David King 10 King, David A., World- Maps for Finding the Direction and Distance to Mecca, Leiden: Brill, 1999. 11 Elly Dekker 12 Dekker, Elly, “Cartographic Grids from Iran: An Early Version of the Retro-Azimuthal Orthographic Projection?, The Cartographic Journal, vol. 37, 2000, pp. 109-l 16. 13 Retro-Azimuthal 
14  12" �3�>? ;�'5.$2PcV FP. =+ �MU $2PcV �3 LP(! ;$7O �)AB �- �P-$+ ;',3$-�'� ;"$- p7V$V 126- � 3PK  p:!'W+ �'7*- =-'2

�WO $2PcV .�!"  .3�"3 "� =O�2� 12" 47. =@K'5.- .l15 Wilbor Knorr 16 Morris Kline 
17 "$-; W� 9'5. �.P(.76 �-:  Kline, M., Mathematical Thought from Ancient to Modern Times, Oxford University Press, 1972, vol. 1, pp. 195-197;Knorr, W.R., Textual Studies in Ancient and Medieval Geometry, Boston: Birkháuser, 1989, pp. 238-239. 
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9'O623 Y=-$] &P@+ ;�� $- 626? L'D7DiV e'!" 3$� `,"PX J$C+ ;626? =d2�'V � =8'2� ;', 12" .
�!" 96K �@KP. =d2�'V � =8'2� ;','(k+ &"�"6@!�3 ;"$- �G'D+Y �)AB �"$!" "$2� '(.', �P:W, &'>MN" ;

�!" 96H. 93PHO �  12"3�"3 =@dAKPX ;'?Y P23 �� &'Wo "$2�62 =+ �:H7(, }:W7�  :6:2PO» �:. 1:2"
9$O 93PHO'. �� Y93PHO ;', ', 6WU�� L�"$j p?P+ �� 6W@*,«

18
.  

���� '�!7 89/: #%&  

iMN ;�� $-_ �)AB a7- '(.  �"100 �0AK � �CD. �PCX �" ;" `7D@:*+  � ;3P:(] =:WiW+ 96:23 =:D%"
=+  �PCX .6.PK`7D@*+ 6W2'(.vc. E �'>WG",'; &'7+  Y6W, 'V a�"$+ � �PCX=WiW+ 6W2'(.�"6+ E ;',

"P@!" ;�"P+  17-10  'V52 �?�3 6W@*,)N'% ._ vc. �3 $,  `, ��'b+ �"6+ '2 �'>WG"2 -$D] .�!" �?�3_ 
�)AB % p*U $- '(.�?�3 }W!$  ;6:W-

� }W:!$%) �!" 96K =(26:B ;6:U"
 $:-"$- |':A2$DV � &"$2" �3 RPj ;"$-6 

 $@+P)7� 93P-.(�!"  

2'I $-_ RP+$%  �3 �:� =8'2� ;',
 �78PV $2� 93"396K  Y6." 1+ �"4-" 12"

 �- "�_(, 93"3 �*- 17+�  $2�':cV .l"
�)AB HD. � '(.$0(7. _=G'(:K E  17:+�

v::c. '::- Y�::0+ 4::�$+ �::- �'>WG", � '
�"6+;',  Y&[�3  =@.$@W2" 9'52'I "���

� �� ($%�& �@%$O �"$B 6."iMN $O" . _
96::K =::U"$j �::0V $::- "� � ;" Z::{'

 �'M:K Z:{'� $:- "� �-$D] � =GP(k+
"$::- 9'::5.[ Y6::7W� =::��;  1@X'::!

�.P(. ;" �)AB �" CD. �3 "� �-$D] &[ '- 'V �K"3 67,"PX T'7@U" 4.PI ^2 �- '>WV &'>MN" ;'(._  4�$+ 9'7!
 &[ $- �iMN�'bW! .67W�  1+ '+" Y�!" =0(� �PCX 6B'% =)N" �"4-" �o $O" 'W- =:K�P+[ L'�US+ �-

" �"93$� 93'M@!" �PCX 12 .l"  

 �$j �'� '-=+ "� �-$D] :9'5@!3 AG 'V `7.'X$o_ (7._ �?�3 6K ;6W-E .P0! fi+ $>K $- Y&[@ &'@ �"$B
3$7O AG �� 67W� �B3)_ 67W� ~'d@." "� �!�3Y �AG CD. �� ;"_  .(�:!" �:@%$O �"$:B &[ $:- ;4�$+ 9'7!

18  .=? .;" �" }W7� 62P23 RPB fD.:~'@� �3 $x7x>wWxAwGP�  King, D. A., The Ciphers of the Monks: A Forgotten Number-notation of the Middle Ages, Stuttgart: Steiner 2001. 

 ���1
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-$D] �P. &PW�"_  �(!=+ &'H. "� �)AB L'>? .6,3  ;':2"�� � 96:K sdH+ f0K ;�� $- =2'7%"$�?
(�'B_ &[ 17-  ', �-90 96K `7*DV �?�3 93$� f26AV $@+P)7� �- �-$D] ;�� $- "� �0+ 'V �)N'% 1+ .6." .l"  

�3  =@.$@W2" 9'52'I�  "����� ($%�&  _HD.$0(7.E  $523 47. 17+��@%$O �"$B  12" 1+ .�!"�:.P(. ', 

- 17@*d. "��'� ^2 �3 �'P7. �3 =K�P+[ 9'O "��:8$] (':02$+[) &'�G� ;�'7:*- &'.'():*+ .l3$:�  �" �:�
V5&[ �- '7.$M7G'� � e"4 '? [�)AB Y6.3P- 96+ - "� '(. � �!�3 "� �)AB &'K$>K �3 '2[ �� 6WW7A- 'V 6W@%$O �'�

=+ $�. �3 �@%$O ��. '2 6."  

���� #,; <="� >?�@ (#)*+� '#%&  

 �!'I ;"$-&3"3  R"�! 12" �- ^2iMN ;�� "� =V�'�3 L'c@d+ 9'5@!3_ �)AB  93'7I '(.=:+  .`7W��6:A+ 

�0+ "� L'c@d+Y  �Pi+ �A�+ �>?x "� ', �>? �3) �$KE �P:i+ �:A�+ �>? � (y ':, �:>? �3 "�
) R'(KN (�)AB _iMN _AG ;�� =+ '(. `2$7O�GP>! ;"$- .Y  =)i+ "� &'>MN" |S�+ Y�0+ =B$K R'(K �3

)I3 (=+ $�. � .`2$7O  

_CD.I) L'c@d+ �-y  �x�)AB _iMN ;�� $- (  �0+ 'V &'>MN" _)N'% .�!" fi+ 12" '- $t'W@+ '(.
 "�E$2"3 ;�� $-   �(7�]�" 96.�ZO [ &  ',d  |"3�6U �?�3 $,) �?�3110 17- _2�"� � Y(�!" $@+P)7� �:>? 

 � �)AB�(!  ~PW? "�q =+ `2$7O.q � �'D. ;"$- "�" �':D. ;"$- � �A�+ Y&'>MN" f�+ Y�0+ �$K �3 �B
=+ =MW+ Y�X$V�" f�+ Y&[ =-${ �-$D] =@B� .`2$7O  �D. ;�� �!�3I�"$B Y3$7O  �Pi+ '- �-$D] _2�"� y ',$-"$- q .�!"  

=+ �:� &'Wo  ;�� ;':,�"P. ;':W>I Y6:7W7-
&'H. "� �)N'% �� Y�-$D] =+  $:-"$- `, '- Y6W,3

�-$D] �" �(*B &[ RPj .6W@*7.  17:- ��I �
=+ �"$B L'c@d+ �6A+  ePW7! '- p!'W@+ 3$7O

_)::N'%   f::i+I 12"$-'::W- .�::!" �::0+ '::V OI sinr d.  p2$::8r 5@::*-=  3'::k-" �::-
�)AB �"3 '(.�)AB ;"$- � 3 3�6U &'>MN" ;'(. 14 

 �?PV) �!" $@(7@.'!6:7W� $:07(. l':(V �:�9 
�:)AB 1:2" _iM:N $:- �:0+ 4:�$+ �- 17+�  '(.

 �-$D] _2�"� `7@MO �� &'Wo .(�!" 96H. $2PcV
-'  �Pi+y $-"$- ',q :\I .�!"  

)1(sin sin , sin cosx r d q y r d q
 ���2 
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 �3 .6:K'- m:7B3 �"4:-" 12" �� 67W� #$% R'U
=+ L�P::N 1::2"  `7,"P::X�"6::+ `7."6::-',  �

v::c. �'>WG"',  �::.P5o &[ _iM::N ;�� $::-
:C-"� $:O" .6W:K'- 6:2'- =jPCX_ q  � d ':- "�

 _CD. =2'7%"$�? #$]I )� =2'7%"$�? #$] Y(
) �0+  17:- =2':7%"$�? RP:j �S@X" � (I  �
) �0+!"=+ Y`7."6- (  �!'I R"�! 12" �- `7."PV

) `7,3!"  � �:A�+ �:0+ =B$K �'D. ;"$- "�
 ;"$-=+ =MW+ &[ =-${ �'D. .(`2$7O  

) �0+ =2'7%"$�? #$]  (�-'z �!" � �3 

=+S::!" E��3  �"6::D+21 �3::? � �40  �::D7B3
)#40$21=+ �'� �- &[ ;"$- ( @%��!" � �"6:D+ .

 &[ ;��$+"#26$21 �)AB &'O6.�'! .�!"  '(.� 

Y"� "$- Y&'>MN" ;#30$32  �!" "� #20$9 93$� �P�W+ 6."19&[ ;��$:+" $23'D+ .  �:- &'>M:N" ;"$:- ':,
 p7V$V#41$32  �#52$11 .6."  

 ;�$� �)�+ R'UPMI  "� eP:B �! �" f0H@+ �:(7�] E$:2"3':- 96:K 17:k+  �:!e�� M  Y(�:0+)I 
 � (&'>MN")p  f0K) 62$75- $�. �3 (R'(K pCB)39�"6." .( L�'A] FS8" ;', ":�" 6.  

 � -G90 PI =MI = d
  - G90 PM =  

-� 9�S]  MPI = ��  Q -����PIM =   

����� �!"#$ %&' ()*+, -#./.0 12 #3  

  sin q / cos � = sin �  / sin d    )2(

45675#8 �!"#$ %&' * :-#./.0 9;6 12 #3

19 �, <#=5�!  >? @;�5#A B&�010( CDEF 557G6+HI J+" .�#K; 0 #0 >, 4�6 <2�? L#M3K �#�N�O6+? .) G6+HI P�'Q�#K; � *2 �QR�SO 
>SN62 2�I* 6.4�  12;U ��OSR �  V6W!&0 6XI;+ 1#�$) <V6!56 Y�+) 0K !N � 12 *�OSR  V6 Z*2W!&0  [\#�]?+K +G^;#Q_ 12 >Q`0 P�Q' .

��OSR  P*6 10*!77 2�? * 12 ��OSR  Z*2 10*!67 .$+GK M5K !�,  Z6!,;U 6 V6;9 >/&$ +? *2  @Q`" 12 .!QN#? <!QN >SQR? 1#Q, >? #M5
/E6�GK $2 <2 P�' >?�>_ 2 O3 V6;<! 0K (!5�N V;6+ ab5  1#c�d6!77 ;# !67 P#MN ef V6 KM, F/E#G >?- L^ gQh 4M� 12 i��I  16+Q$
.2162

 ���3 
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  sin cot tan cos cosq  )3(  

9;6 #QQ8 K�SQQR562 #QQI [;!QQ&8 �1#QQ?12 ZVj )#3 ) )#3d  *q (" )#  *�� (* )y  *x (" )d  *q O36+QQG (

<!0^ ) k,+0 [;!&8 .!56y  *x (" )# * �� (61 [;!&8 f K0 >Q/&$ FCDE )*1 F`&N .O�0#5 >`&QN #M5  )6

 l�mf +;*#b8 V6 4�6�� )4?#n (* # )4?#n(( >, e��8 f <!N [;!&8 ) V6 .!561) * (2K0 >o�S5 ( :2�N  sin cosx r  )4(

ab5 U; [;!&8 [E#\ @A  4?#n K;#�G6+HI P�' pqSf6 #?) 1#c�d6�� V6 >`0 (ef KM�_SR0 4�6 >Q? 

/E#G Fr.sin��.cos$  1�C0 V6yL#M3 9;6 * r#3 )1#, >Q/&$ >Q� FCDE +? >, 4�6  )#M5<!QN aQs, 

Z#o56 K0 <!;2 K�N*1 >? >d#_0 9;6 P*6 FCDE +;�b8 12 .4�6 <!N aQb5 *2 +Q3 F/QE#G >, 2�N d6 1#c�

<#8�, (!�N#? +81*2 >`0 V6 >h +3 (1*#o0 .4�6 +8  

) V61K0 >o�S5 ( :2�N  cotq = y/x  

) V6 *4:(  sin�  = x/r.cos�  

 :9;6+?#�?cos2
�  = 1 – (x/r.cos�)2

9;6 9SN6tY #? e?6*1 ) 123K0 >o�S5 L^ L2+, B?+0 * ( :2�N  

(5) (y/(r.cos�) + tan�.cos!)2 = sin2
!(1-(x/(r.cos�))2 

 *;6 V6�:#o  

(6)  x2 + (y+r. sin� . cos!)2 = sin2
! = (r.cos�)2 

 )6V6 >Q? P�Q0+G 9;6 [E#\!90  *!0%# Ku�? 4QR;6 >Q? XQ,+0 )-r.sin� . cos!  *0L�5#, * (  )#Q3

))!±�(±r.sin  *0) * (-r.sin�.cos!  *±r.cos� )6V6 >? ((!90±  # = <+;62 U;20
  )6V6 >Q? *!0# = 

.4�61 ef U;  

>/&$ FCDE )*1 K�C�0 l�mf  #M543#&N )2#;V ?#  Ku�? Fd2#v06 !5162 .#06 !;�;2 +w5  9��h x��,

 * 4R�5 *6K�C�0  1�,t0 )#3��$ 61  V6 K;#3 <+;624�6 >SR562 u�? >5 * y21 >, 4�6 9;6 O3 *6 [�d2 .K

>/&$ 9Sf#� Z#=�3 >, )1#Y+A z�5  (<2�? <!N >SN6tY (>`0) <+;62 X,+0 12 #M54�6 <!5#M�$#? >CDE +?. 

262 L#s5 +,2 -#&�#C0 #064�6 <  1#�QR? -*#QD8 2�QN +;�Qb8 >CDQE +Q? !;#? >, Ku�? V6 >`8 L^ >,

>`8 #? K`h�, <V6!56 4$2 *+M/$ 12 >, Uh�, L6!�h r2162 <+;62 U; V6 )6 K0 16+$ )+�Y .2+�Y  

20 !&8 >, 4�6 9N*1;[ f:(��,#) " (X,Y) E#f !�h�4 o"�k 6 .2162;9 !&8;[  i��I * P#MN km$ *2 125#1#, !Q0^6Qm_5 * 4Q�F  

 )# - !180 * �� - !180 (L#M3 ;�b8+) m_5 >, 2162 61F )#  *��6 V6 . (;9  90 *1;U 6+? >5#Y6!I [`N) 5�+`M� $6 P�\���5#  Z61^
s,�<! (Z6 ? l#_5 #8�+Ss{|s0 L^ 12 ) N#?�! >S&d6 . 4�6 9N*1'#_5K L^ 12 >, !&8 #3;[ S5 j#?�oF Q0 #QmfK (!Q32  L#QcI V6 }1#Qf

 Zq�6<!�  >5#�0 )#30 16+$K Y!5+�.
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:!"#$% >/&$ _�$2 [M" 12 L#cDE6 )#3#M5�&$ 9Q;6 >Q, K56!�Q~#;1 .!>Q/  61 #M5>Sf#Q�  �j#QMS\6 4Q�6

K0 K0 61 Ku�? (O��+8 16�N2 1#,) >, >SR562 >Q/&$ FCDE +? <!N O��+8 �2*!C0 12 L6�8  (#M5 O�Q�+8 #Q?

L#M, K&;+_8 2+, <2#� +;!SR0 )#3.  

���� ��!"  

 P#\ KQ�1+? >? 9SG#Q; )6+Q? KM�Q�+8 �*1

 4cI >/&$K0 O;V62+A  >, L^ F_?#�P#Q� >Q? 

410 � K0+?  V6 �*1 9QQ;6 .22+QQY L#QQC;1�?6

P#QQ� 12 KQQ5*+�? .4QQ�6 KQQ5*+�? 362 �  12

? (ZV16�f > L#56!�Q~#;1 >Qmf 9;6 V6 .!0^ #�52

 L�QQ�M3 (XQQ�5 )+QQ=;2KQQ��0 9QQ? !QQMC0 

 �0#QQ5 >QQ, K0V16�QQf-1�QQE >QQ? V*+QQ06 

»OS;1�=d6«  4�6 <!N 1#Y!5#0>SQ�#f+? (  12 .!56

 P#�407 � 0 L#m/� >mf 9;6 )�5X] 2�MC

R8 612+, +�|  61 K5*+�? *4QM��] L6�Q�" >? 

 <6+M3 2�f<61 12 K5*+�? .2+?(  K?#S, 9SN�561 

 K;#�G6+HI -#bS|0 9��v8 �1#?12 >5X] 12 >/&$ 4cI 9��v8 * 9;6 V6 >/&$ 9SG#; )6+? +;V �*1 .2+, V#]^

4�6 <!N tf6 i#S,21
.  

 K5*+�?)#I >? �+,   9�0VV6  L#M�^ �+,2+, <2#DS�6, L#M�^ �+, .<+  * 9�Q0V �XQ,+0 >, 4�6 )6

K0 >, �1X? L6!�h �"#vN p+E L^ +?6+? 12 9�0V �#vN V6 L6�8  UQ; 9�Q0V V6 >Qm_5 +Q3 .2+Q, +Qw5

4M� >m_5 L^ * 2162 �W+d6  �#vN 26!S06 >, 4�6 )69�0V V6 >m_5 L^ 12 9�0V K0 L#M�^ �+, >? !�1 . >?

P#.0 L6��" 4M� P#MN km$ �W+d6( >m_5 � K`;2X5 12 )6) 4�6 K&m$ �1#Szp-1�E >, ((  KQ`/G )#3

21 �, <#=5�! >?:  Al-B�r�n�, The Determination of the Coordinates of Positions for the Correction of Distances between Cities 
(Kit�b Ta d!d Nih�y�t al-Am�kin li-Tas !  Mas�f�t al-Mas�kin), translated by Jamil Ali, Beirut: American University of Beirut, 1967, pp. 252-253; Kennedy, E.S., A Commentary Upon B!r"n!'s Kit b Ta!d�d al-Am kin, An 11th Century Treatise on Mathematical 

Geography, Beirut: American University of Beirut, 1973, pp. 209-211.

 ���� ��!�" #$%&' ()*������ !�"�#$ %"%&' *+, -+!�.�*+ /0+!1 2$3+ 4�5' �*6&)7 /8+&9' :�;.1352 < /=235-257.  

:!, ?2@� .A+ .?+ #B�CD E7 2)@� :�;* �*6&)7 �F2*G ,!5D !, -�HIJ+ K�"�L ?+&7  Gillispie, C. G., (ed.), Dictionary of Scientific Biography, vol. 2, New York, 1970, pp. 148-158. 
 !, �*+2$M �D5NOD K)P3 &��, 4�5' 81 ��!�" #$%&' �L(�)*+,$�- .+/01 2+��345%$6 Q /3 /�R;@M&" 6 �R$SH -+!�R.�*+ /1375 /=

 -�TUV279-289.

 ���4 
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W$R� .2@X,&F !, 81 Y53  &9RX AZ&RB+I  (8�9URV+) WR�!,ER[C* 8�D&R� ?\�R7 !, ?+ WR�+ )ZI(. 

W$� AZ&B+ [C* E]D# ZM  W�+ E� 8��P*�^"+ 6 8+&L+ 8�$�1 !,W�+ :2X _`+6 �7&a �5@% W$� !,.   

 bScD E� W�+ KX6!ZPZMZI , bScD E7�.D /8�$�1 d&� !PMI , K)R7 #SRV�" .WR�+ K)DG d&� !

&9X �D e)f &'6 8�$M &7+&7 /E%!, gP3&7 6 8�$�1 d&� ?6! &7 E]D 6 :W�+ K)DG ?6! E�UF   

D = MI = ZMZI
�D ER� WR�+ KL+ 8�$�1 d&� G�)�D+  8+5R'

»hR"+ « #R[C* hR"+ .,&RR� !�R� ,!+6 +!I  iRRN"

ETUV �7 8�$�1 d&� j&�.D  G+ ER� WR�+ ?+ O �D (K)RDG (�&D)  &R7 6 ,!kRFOZI  l�ORX)

 #[C* AZ&B+ W$�I iRN" KRL+ .W�+ ,5$H (

�D +! (:&L+,) j&�.D  h"+ �7 8+5'�Rm&D  �R]L

 iR7�` K)RDG ,�RO7+ WRB�3 KRL+ !, +&LG /W"&F

n.o �X5f  +! �L�R)"+&^% WR9% !�9o Y�3 .2*+

�D E"�p+ nM �$X) n)@�) YN nm�` &L5N' W9% !, (ZP .(,!+, !+&` h"+ &7  

W$R� ?+&R7 ?!+kR;�DIH G+ qf KL+ G+  8�$R�1 d&R� ?6! AZ&RB+�RD &Rr* s&RV n)@�  W$R� 6

AZ&B+  8�$M g)'&' E7 +! g[` 6 E]D /8�9UV+ ?�MI /M  6P .n)D�@)D  

 �R*6&)7 ER� 2RL, n)M+5u ?2O7 !5[� !,

 #R[C* nm�R` &L5RN' K�"�RL ?+&7M  ?6! &R7

UV) h"+ #T"M�D i$H E*5;o (  .WR�+ :,&�

"M ,5X +2)f E�/  G+ E� �[u :�;*1O  ER7"M 
�D iV6 �D W�, E7 +! ESv` ,5X .2M,  

 K�"�RL ?+&7 �*6&)7 �$)�&' =6!"M  !,

 i]X6 �D :2L, ,5X ?+&R7 +! =6! KRL+ �RD .

E[C*  w&X E]D x&X !, ?+�RD n)M, &L5RN' .

E@L1  KL+ ?+&L5N' E[C* ?+&7 &a !, ?+ E]D �

 ()* 2R)@� y&R" .WR�+ x,�RV# /$  6%& 

05SOD 2@X�7 .�*6&)7 n)* &L+,d  #TUV   �R7 +! h"+

) Y�$RRX z�RRC*N) �&RRa /(W) �5RR@% /(S 6 (

) (�&DO�D n�! ( �D i)$]' +! :&L+, q{� .2@� |N* #TUV n�! ?+&7 +! }o #$)* �D+ /2@�  ER� /!�9@B+

 !5TD Y53NS 90 7 /W�+ :,&� 8+!6, E%!, E!�� �D |RN* 8+!6, &L5RN' WB�3 KL+ !, .,&7  ?6! !�9@B+

�D !+&` ka�� E$)* KL+ &7 .,&)F/ P  #RL6+G �7 Y�$X g[` AZ&B+ W$�$  6 /hR"+ ?\�R7I  AZ&RB+ W$R�

 ���5 

 ���6 
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 :W�+ 8�9UV+NOP 6NOI 90 .  

 ETURV KRL+ �7 8�$�1 ?+5��+ _J�C' 4Ru

:2L&7 W�+ E�  &7 ,5$HOP �+W$� .W  AZ&B+

:&L+, ?6! E]D  6 8�$�1 ?+5��+ -+G+5D E7 ?+

 #SRV�" E7# G+ 81 !+&R` ,!+,  K)RDG d&R� �R7)

(2)@� EPL�CD22
.  

|RN* #TURV _J�C' 4u �*6&)7  �R7 !�9@B+

) &)u+ d&L+,XY�D +2)f &LG hL&J E7 +! (  :2R@�

 ERRR[C*X  ERRR� 2RRR)@� ��RRR��*+ 8�RRR@o +!

POX 904u .2X�7 XY &R7 ,5$H +! OP 2)@� n�!.    

 ER]D �*�$�1 !+2D G+ ��$P` �*6&)7 q{�

+! �D �' 8�@o ) ,&)F !+&` ka�� #TUV &7 E� 2*G:2L&7 4u  i]X !,6 .(Y  &RF+ .WR�+ :&RL+, KRL+ (R�&D

 �L�)"+&^% Y5J sI�u+%& �7 E]D &UV E%!, /2X�7 W$� AZ&B+ E]D ?6! X �D !+&`  ER]D \+6 �,&R)F

 E[C* 8�$MM  6 ,57 2M+5u K)o 4u d&L+, ?6!XYM=%& .  

 ,5$H .W�+ :,�D1 ��vL&C' !��MQ  #[C* G+ +!M  &7XY  G+ /2)@� ,!+6Q  &R7 ?&R;L, ,5$HSN  ,!+6

) 2)@�"QQ #[C* �' +! 81 6 ("M 7 2)M, ,+2�D+ E E� ?5T*"M"Q=MQ  .2X�7"M  nm�` &L5N'M .W�+  

:,�� !�� 6+ 8+&V�OD 6 �*6&)7 ?+&7 �X6! K)@o ?+&%+ 81 +&LG /,57 ?+ =6! i)v` KL+ E7 �M  -,�H �M

 i]RX :2R@� �R$� l5p5D n9" !, +! �D &LG =6! 2L�X .2@�X+,6 :!�@� ,+2R�D+ !, +!  ?�RM�%!�Ru  /81

4u W$P` Y5$.D  4u ,+2�D+ !, 6 /K)oMQ #[C* �' /Q  #R]' .2R)@� ��)`XMQ +!  Y5R3XQ 90 

�' E%!, 2)@�. n)* q{�  Y53 +! }o d&L+,SN 90 �' E%!,  #TURV WRB�3 KRL+ !, .2)@�SIPN  eL�R$*

|N* d2@M, �D 6 W�+ !�9@B+  E� n)@)7"QQ .W�+ E�"&F !+&` ,5$H WB�3 E7  

 #TUVXMQ (%m /W�+ E]D �*�$�1 !+2D #TUV G+ �QM  &7 ,5$H 6 h"+ -+G+5D E7SN W�+.  �D+

"M"Q =QM qf /"Q"QMM  6 i)[�PD �L"M  nm�` &L5N'M *6&)7 .W�+� �D j&' +! 5FL.n)  

���� � �!�"#$ �%#&"' (�) *%!  

F+:2*�D �% E7 85�D !, /�*6&)7 Eo&ESv` G+ �D�* �% �)M /  z�Rv'!+ 6+ �$)R�&' =6! �RD+ /WR�+ :,&Rv* �$*

?,�LG  !, z�v'!+ KL+ .,!+, !+(7+ KL+ �7i]X ?�M 5  66  :,+, 8�.*:2X +W�81 G+ .  E� �%IM  �Ld  d&� &7

W�+ K)DG ?6! &7 iTD 6, K)7 #SV�" K)vD 8�$�1/  nm�` &L5N' ?+&7M  i]X)5 x,�RV &RLG #R[7+! (

22 7 6 /E]D �*�$�1 !+2D +! :&L+, KL+ �D qf KL+ G+ E�D /�*�$�1 !+2D �S� !5J .n)D�* - 0.

 ���7 
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:W�+  sinOM r d

�� �� �� r ! ."#$ %&'( )*� +,-. � /012q=�SOM.  ,3! $� 4*3. 56,3&7$*89 :,3;9 <,9 *=$ >,?
5' @A&B� CD2 EDB9 ,! $� >,F. 0 E*G  A&H$DI�OM �3JKL M!*N2 ($ 5OFPL $�  %36$ �� .A&3B� 53NJI ,FH

 MQNH :�DR�M  ST. ��5  MQNH ,!�I,UOV' �! @: )y  0x ST. �� @(2 .X. XY$DZ 5T6  

*TI ST. �,FY <0� 5[JOV' \,NH <$*! $� 5H0*&! ]0� *=$�3JKL M^[3R /,_H� A&B� �$  �3! �D3Z ,FH
�,! *Y SR,? 5B-6 `X. XY$DZ �,a6$ �DZ �! �*! �,�� �QNH ]0� %6$   *3&bH <$�M 5' �3� "3#$  X3H$DI

 S^' c6 *6DUIX.,!.   

 ST. ��7  %6$�,�  �$*6$ dJOV' *;. �# <$*!e,aH$ .("P&H f,&N' �! ST.) "#$ /X.  

5' XR �� �$DI 0 XBg �JKL M^[R *! /X. c? MQNH XR �$*TI ,! $� ,FH 0 gXB  0 @53H0*&! ]0� )�,3!
! @S^' c6 56,&7$*89 :,UOV' <$*! �,! *Y ���0� "#�. �,� %6$  �OKh$"P&H "?$�  "#$ �� *O!DJQ' 0

 <0� MTK3. c3F� �3! $� S^' *Y �$DO! ��
.�*� %&&-I �^[R  

TK.M 5' i3&H $� �D�j3'  �,3FY �3! �$D3I
5H0*&! ]0� �*� $X&k.  ST.) *6( ST. ��8 (

"'12 �,FY ($ <�$j=  ST3. <,Y6  /�,[O3#$
 ."#$ /X.  

 5H,F3#� �$X' )($XH$XYM  @"3#$ "3!,l
) �� +,-. )($XH$ $*6(r.cos  C*32 �! ,;BI (

 e,33FI <$*33! .��$� 5_O33P! �33T' 56,33&7$*89
�,T' dUH c6 *! mL$0 <,Y @%&-' �,;Bh$ !" 

5' "!,l  0 XH,'# S^' 0 \D!*' P  ST3. ��
8  >D3n 53h0 �*3� X3Y$DZ *&&8IMQ *3!$*! r.cos .sin!" XH,' XY$DZ 5B-6 @\,NH %6$ Ao,L *60,UI %6$*!,B! .�M6 <0� 5_FY @�nD!*' <,Y pZ c

5' �$*L A&NOP' pZ) XH*&= g ST. %&8.(  

 �� 5I�DR ��# "!,l 0 !" *&8O' @X.,!  <,9P  \,NH <,9 �a&OH �� 0X  0Y  X3BY$DZ "3!,l i3&H
.�D! MQNH M /*6$� <0� 56,9  +,-. �! <$XY  ."7*= XY$DZ �$*L f,#$ %6$ *!5' q36*n 0� �3!  �$D3I

 \,NH �� "7*= �a&OH�M :"7*= XBY$DZ �$*L "!,l 5s&! c6 <0�  

���-  +,-. �! /*6$� *QL *_6� <,;OH$XY  $�1X  Ao,L *60,UI 0X  01X  <0� *3!NS  $��X  01�X 
5' A&H �� .A&',H  )*6$�1XM  :A6�$�1QX.QX  =2MQ �Dg 0

1 1QX:Q X =QX :Q X :sin1  

 !"#8 
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 tk @"#$ "!,l1X�Q.�X�Q : 2�Q�M  \,3NH %6$*!,3B! 0 "3#$ "3!,l i3&H�M  �$*3L 53s&! c36 <0�
5'  M&sL :XH*&=21 Mh,N'  >0$������   ��$XH,O#$ E,O� @fD&HDhDk� )�,!�� 53!*2 MF9*I �� @:,n0*V'
 ��"#$ /X. �OZ,B..  

$-  *=$# ."#$ 5s&! c6 q7$ *! �� Ao,L *6DUI 0 "!,l AY �T' 5H,F#� �$X' <,9 X.,! "!,l  

5' $� 5;!,u' >vXO#$  <$*! A&H$DI *6$0�dUH  *3=$ :A6X3B! �,� �! i&H �,;Bh$!" "3!,l X3.,! M  *3!
/*6$�  M^[R ,! <($D' <$NPS *I %6$ �! ."7*= XY$DZ �$*L q7$ *! �DF2 05' w&I  <0� MTK. e,FI �$DI

�JKL M^[R ! $� ,FH � Ao,L *6DUI �$DB2M2DFa' .�*� A&#*I /*� c6 *! mL$0 <*6$0�  

%6$ ($ 5' �,T.� ,9  *6D3UI <$*39$ �3� �D3.
�JKL �� Ao,L  /�,3# �$X3Bg @53x,6� y,^h �! @,FH

�33JKL +*33OV' *33=$ ."33P&H  ,FH) z&Q33PI *6D33UI
{B= 5O.,_H23

( �� wQL �� @$� %&'( MQNH  *3&bH
 %&'(�QNH)  i3�*' *6( �� "#�� %&'( )*� *! <$ O5' �,� �! @X.,! ( �JKL ]�,� SR,? @�*!  56,FH

5'  ,3;BI �� M^[3R *! �� X./*6$� 56,3Y  c3?
 �3!*N2 <0� f,3&N' "3h,? %6$ �� .�D! /X. �3!

<,9 r.sind,! w#,BO' @ )2r.tan(d/  .�D3! ]0�
z&QPI@ �� Ev*Q#$ 5' �,� �! 5hDF-' <,Y "7�24@  �� %6$*!,B!5'1#$ )�0� !� .�D! /X. �OZ,B. 5!DZ  

 ������!"#$  %&%'( )*�+ ,-./ ��0/123 4�5�  

X6D6� |&B� 5J2 XuH q7D' �$0$*7 <DaOP9 AG� �JKL ($ 5?*.  �,;[R$ <,FH�O.DH �� $�  0 53!*2 <,Y
! 5#�,7 %6$ ."#$ /XuH *'$ %6$ �! q7D' tT}&Y i&H 0$ ($ tk .X!,&�$XBg  ~3V! $*36( `"P&H w&a2

 5!*2 �DO' ($ 5F&b2 5'1#$ )�0�."#$ �O7� %&! ($  

 ��"FPL 0 >Dn ,! 5J^' �� @$� �JKL �� A6X6� %&u&k 5' @eDJ-' 56,&7$*89 C*2  �$D3I �3� �,3Bg
�,=*k 0 ~� pZ c6 ,! @"#$ /�$� �,uH 5H0*&! ]0� e,FI .�*� $X&k <,Y  �D3B�$ �3� 5'13#$ 5F&#*I

/X. �OZ,B. �JKL i9 @XH$  �,=*k 0 ~� pZ ,! @,FHA&#*I /X. �O.DH �� %' .XH$  0� �3! 5!*2 <,Y/�,3.$  �3!
/��DZ*! :,n0*V' cF� �! �JKL %O7,6 <$*! 5.0� +,9�$ %6$ "#$ %TF' .e$ Y�3JKL �3! ,  �,;[3R$ <,FH

 �O.$� \,KI�$XB.,!.  

23 stereographic 
24 $*!< DUI6* 7$*=Do*O#$&c B� /,_H Ev*Q#$ 0&X �!:  

 @��Dh ��,}6�»z&QPI« @�!"#$%&'($ *�+, -  � @7 @1382 � @]305-308 @<DhD' 5J2 XF^'  0 `»Ev*Q#$« @ ./012 3/�1456$7�8$%

9 '($ � @8 @1377 � @]297-305.

 !"#9 
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0$ %&h/�,.$ $�  ($ <X6�(,! ��»:�D3[TH$*7 �� 5'13#$ 0 5!*2 eDJ2 �6�,I <DO&OPH$« �3� 5',3_BY @
NJ? �,7�,UIM O.DBO#� c6 ($ 5FJ&70*T&'M  �^[R .AO7,6 @e�*� (,! <�,6( $� 5!*2   �3� @AJ&70*3T&' ($ <$

�-h,Q' XUL ^[R @A&O.$XH AY $� ]$M  AaBk SU7 >0$�2DFa' <$ 6 *bH �! �� �D! f,B3.,H d3h�' c
5'  ($ tk "P6,!:;<$  ($ ~&3k 0 fX3&JL$9=1>?   fD3&FJQ!�3-h,Q' 5'  ��D3' �� S3U7 �� .X3.

 f,B.,H dh�' A2( �! 0 �D! :,n0*V'»��*� $X&k �,� �! "FPL %6$ ";9  :,3n0*V' c3F� �3! �JKL
5' X6� .« @�D! /�*! A#$ i&H �60$( �&J�I S�' *_6� �*!�,� XBg ($ 0$�� FY ��M ' �� ,3! pN7 �,� 0 *# ��$D
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